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A B S T R A C T

In this work we analyze the influence of curvature on the dynamic properties of the magnetization in bent
nanotubes. Our results show that both the resonance frequencies and the number of resonant peaks have a
strong dependence on the ground state of the magnetization created by the curvature. Our results can be
understood from the analysis of the effective anisotropy and the Dzyaloshinskii–Moriya interaction (DMI)
induced by curvature. The ability to control the dynamic properties of these curved ferromagnets makes them
excellent candidates for developing applications based on resonant modes of spin waves.
Introduction

Effects induced by geometry on the properties of solid-state systems
have been a hot topic in physics [1–3]. In magnetism, curvature-
induced effects on the magnetization of systems at the nanoscale are
the heart of a new branch in physics known as curvilinear micro-
magnetism [4–6]. In part, this increasing interest on the interplay
between geometry and magnetic phenomena has been fostered by the
development of experimental techniques that allow the production and
characterization of magnetic nanoparticles with a broad range of shapes
and sizes [7,8]. Induction due to curvature of effective interactions such
as the exchange-driven anisotropy, Dzyaloshinskii–Moriya interaction
(DMI) [9], and the intrinsic DMI-driven anisotropy [10] in magnetic
nanoshells confirms that curvature plays a crucial role on the magne-
tization at the nanoscale. In addition, such effective interactions are
responsible for a diversity of new phenomena such as the increase in the
skyrmion stabilization in dome-like structures [11–13], the nucleation
of a vortex–antivortex pair in shells with variable Gaussian curva-
ture [14,15], and the emergence of weak ferromagnetism in curved
antiferromagnets [16], among others.

Interesting evidence of such phenomena appears in low-dimensional
systems such as nanowires (NWs) and nanotubes (NTs). Some ex-
amples of curvature-induced phenomena are the geometrical barriers
in cylindrical [17,18] and rectangular [19] NWs, responsible for the
pinning of transverse domain walls (DWs) at specific positions along
an NW, where they start to rotate with a frequency dependent on
external stimuli. A DW pinning is also observed in bent parabolic
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NWs due to an exchange-driven effective force originated from the
curvature gradient [20]. The introduction of bents in cylindrical NWs
and NTs is also responsible for the increasing in the energy of vortex
DWs, decreasing their stability and inhibiting the collapse of transverse
walls [21]. Additionally, the new freedom degree introduced by bend-
ing NWs brings back the Walker breakdown phenomenon [22], where
the Walker critical field is a linear function of the bent curvature [23,
24]. Moreover, a curvature-induced second critical field in addition to
the Walker field was recently predicted in DWs propagating along bent
NWs with rectangular cross-section [25].

It is also interesting that the geometry of a nanoparticle influences
the high-frequency dynamical magnetic response to external stimuli.
For instance, the dynamic susceptibility associated with resonant spin
wave resonant modes (SWRM) is strongly affected by both the geomet-
ric distribution of a nanoparticle array [26–28] and the nanoparticle
geometry [29–32]. In this context, Abeed et al. [33] showed that the
inclusion of defects such as holes or hill-like structures in magnetic nan-
odots is responsible for changes in the SWRM properties. Additionally,
the introduction of modulations in NWs yields the appearance of peaks
in the SWRM that depend on the geometrical modulation [34–36], and
that are not observed in the absence of such modulations. Finally, the
geometry of antidots in a ferromagnetic system influences the high-
frequency dynamical magnetic response to a magnetic field pulse [37].
Therefore, due to the possibility of controlling the magnetic perme-
ability by tailoring the particle geometry, one can state that curved
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Fig. 1. Geometric parameters of a toroidal geometry describing a bent NT. 𝑅 and 𝑟
are the toroidal and poloidal radii, respectively, while 𝜑 and 𝜃 are the azimuthal and
poloidal angles, respectively. Therefore, a nanotube is characterized by an external and
internal radius given respectively by 𝑟𝑒 and 𝑟𝑖, and a length 𝐿.

ferromagnets are good candidates for developing new applications
based on microwaves [38].

Based on what is presented above and on the fact that the inclusion
of curvature changes several magnetic properties of NWs and NTs, in
this work we analyze the dynamical susceptibility of permalloy curved
NWs and NTs with circular cross-section. We describe the magnetiza-
tion dynamics through the potential spectra and the spin wave modes
resonance profiles when a time-dependent external magnetic field is
applied in the system.

This work is organized as follows: In Section ‘Micromagnetic simula-
tions’ we introduce the considered magnetic and geometric parameters,
as well as the methodology we use to obtain the dynamic susceptibility
of these systems. In Section ‘Results and discussion’ we present our
results, including the equilibrium configurations obtained as a func-
tion of the curvature of the system and the dynamic susceptibility
spectrum for different geometries. Finally, we characterize each of
the spatial profiles of the resonance modes. In addition, we briefly
discuss our results, suggesting the appearance of effective anisotropy
and DMI induced by curvature. In Section ‘Conclusions’ we present our
conclusions.

Micromagnetic simulations

In this work we focus on the dynamical susceptibility of a bent
cylindrical NT parameterized as a toroidal section. The geometrical
parameters of the considered system are depicted in Fig. 1, where 𝑅
and 𝑟 are the toroidal and poloidal radii, respectively, and 𝜑 ∈ [0, 𝜑0]
and 𝜃 ∈ [0, 2𝜋] are the azimuthal and poloidal angles [39], respectively.
Here, 𝜑0 is the opening angle of the NT so that 𝑅 and 𝜑0 are related
as 𝑅 = 𝐿∕𝜑0. In this work, all considered NTs have a fixed length
𝐿 = 1 𝜇m. The geometrical description of the NT cross-section is given
by the external and internal radii, that is, 𝑟𝑒 and 𝑟𝑖, respectively. It is
convenient to define the ratio 𝛽 = 𝑟𝑖∕𝑟𝑒, in such a way that 𝛽 = 0.0
represents a solid structure, while 𝛽 → 1 corresponds to a very thin
tube. In our calculations we considered a system with a fix external
radius 𝑟𝑒 = 25 nm, and five different values of 𝛽 (0.0, 0.3, 0.5, 0.7 and
0.8).

We performed micromagnetic simulations using the Object Oriented
MicroMagnetic Framework (OOMMF) [40], which uses the Runge–
Kutta–Fehlberg method [41,42], within the finite difference
approach [43] to integrate the Landau–Lifshitz–Gilbert (LLG) equa-
tion [44,45]
𝑑𝐌 = −𝛾𝐌 ×𝐇𝑒𝑓𝑓 + 𝛼 𝐌 × 𝑑𝐌 , (1)
2

𝑑𝑡 𝑀𝑠 𝑑𝑡
where 𝛼 is the phenomenological damping constant, 𝛾 is the gyro-
magnetic ratio, 𝑀𝑠 is the saturation magnetization, and 𝐇𝑒𝑓𝑓 is the
effective magnetic field, originated from exchange, dipolar, and Zee-
man interactions. We consider a damping coefficient 𝛼 = 0.008, which
is small enough to adequately describe a dynamic study of the mag-
netization [46–49], and allows to obtain a better resolution of the
spin wave modes in the susceptibility spectra. We use cell sizes of
2 × 2 × 2 nm3, and adopt the typical permalloy material parameters,
that is, exchange coupling 𝐴 = 13×10−12 J∕m, saturation magnetization
𝑀𝑠 = 860 × 103 A∕m, and vanishing magnetocrystalline anisotropy.

To analyze the frequency spectra of the excited system, we use the
Ringdown method [50,51], which consists of two steps: (i) we obtain
the minimum energy configuration at zero external field [52]; (ii) we
perturb the system from its equilibrium state with a time-dependent
field of the form 𝐡(𝑡) = ℎ0Sinc

[

2𝜋𝑓max(𝑡 − 𝑡0)
]

�̂� [53], where ℎ0 = 1
mT, 𝑓max = 40 GHz, and 𝑡0 = 1 ns. The amplitude of this pulse should
be small enough to ensure that the system response is in the linear
regime [37,46,53–55].

The time evolution of the magnetization under the action of the
exciting field is collected during 10 ns. The magnetization configuration
is recorded at uniform time intervals of 10 ps, which allows to obtain
a spectral resolution of 0.1 GHz [56]. The small exciting magnetic
field ℎ(𝑡) and the calculated magnetization distribution 𝑀(𝑟, 𝑡) is trans-
formed into the frequency domain [ℎ(𝜔),𝑀(𝜔)] using the Fast Fourier
Transform (FFT) method. The dynamic susceptibility (DS), which cor-
responds to the imaginary part of the magnetic susceptibility [57], is
calculated by dividing the Fourier transform of the response 𝑀(𝜔) by
the Fourier transform of the excitation ℎ(𝜔).

Results and discussion

From the above-described procedure we have obtained the equi-
librium magnetization configurations of the bent NT in the absence
of external magnetic fields. The obtained results, depicted in Fig. 2,
evidence that the magnetic ground state depends on both wall thickness
(defined by 𝛽) and curvature of the tube (defined by the opening angle
𝜑0). Due to the in-surface shape anisotropy created by the aspect ratio
𝑅∕𝐿, in both, the solid NW (𝛽 = 0) and the NT (𝛽 > 0), the ground state
consists of a quasi-tangent to the surface magnetization texture in such
a way that the minimum energy configuration goes from a quasi-single
domain (SD) state for 𝜑0 = 𝜋∕16 (straight NW) to a vortex state for
𝜑0 = 2𝜋 (nanotorus). This result agrees with previously obtained results
for straight [58] and bent NTs [59], and nanotori [39,60]. Nevertheless,
the dipolar cost associated with magnetostatic surface charges yields
the formation of a vortex domain wall at the ends of the thick NTs,
which is clearly evidenced for lower values of 𝛽. It is worth notice
that the obtained equilibrium magnetization configurations in bent NTs
do not consist of purely in-surface states due to a curvature-induced
exchange-driven effective anisotropy and DMI [9].

After determining the magnetic ground state for the considered bent
NTs, we have systematically performed simulations to study the spin
wave modes (SWM) of these nanostructures. In this case, we consider a
magnetic field pulse applied along the 𝑦-direction, which actives SWM
along the 𝑥𝑧-components of the magnetic moments. Our results evi-
dence that the characteristic frequency and amplitude of the dynamic
susceptibility (DS) depend on the NT curvature and thickness. Fig. 3
illustrates our results for NTs with opening angles 𝜑0 = 𝜋∕16 (a), 𝜋∕4
(b), 𝜋∕2 (c), 𝜋 (d), 3𝜋∕2 (e), and 2𝜋 (f). Black, red, blue, magenta, and
dark yellow lines show respectively the corresponding frequencies for
𝛽 = 0.0, 0.3, 0.5, 0.7, and 0.8. These results evidence the appearance of
at least six distinct modes, here called modes 1 to 6, each corresponding
to a resonant peak shown in Fig. 3. As reported for spherical magnetic
nanoparticles [30], the amplitude of the DS and the frequency of the
SWM increase as the NT thickness decreases. Nevertheless, the NT
curvature affects only the amplitude of the DS, which decreases as the
curvature increases. The influence of the curvature on the dynamical



Results in Physics 35 (2022) 105290E. Saavedra et al.
Fig. 2. Equilibrium configurations at zero external field for 𝛽 = 0.5 and different bends defined by the poloidal angle 𝜑0. The color code on the left represents the magnetization
along the three coordinate axes. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 3. Dynamic susceptibility spectra for (a) 𝜑0 = 𝜋∕16, (b) 𝜑0 = 𝜋∕4, (c) 𝜑0 = 𝜋∕2, (d) 𝜑0 = 𝜋, (e) 𝜑0 = 3𝜋∕2, (f) 𝜑0 = 2𝜋.
response of ferromagnetic NTs can be understood from the emergence
of exchange-driven effective interactions, as it will be explained later
in this text.

To better understand the spatial nature of the SW resonance modes,
we obtained from numerical calculations the spatial distribution of the
amplitudes corresponding to the spectra of the resonant modes [61,62].
Therefore, we calculated the time Fourier image of each magnetic site
𝑚 (𝑟𝑖𝑗𝑘, 𝜔𝑛) = DFTt(𝑚(𝑟𝑖𝑗𝑘, 𝑡𝑛)) (obtained from the OOMMF simulations),
where DFTt is the Fourier transform, subscripts 𝑖𝑗𝑘 correspond to
spatial coordinates 𝑥, 𝑦, and 𝑧 of each cell, while the subscript 𝑛 denotes
the position of the power spectrum frequency. The Fourier coefficient
modulus has information about the amplitude inside the magnetic
element.

In Fig. 4 we show the spatial distribution of SWRM for NT with 𝛽 =
0.5 and different curvatures. Following the ideas presented previously
for straight NTs [34], we can classify the observed modes into three
main groups: (a) Low-frequency modes (modes 1 and 2), whose pertur-
bations are mainly due to the magnetization texture at the NT borders;
(b) Intermediate frequency modes (mode 3), whose perturbations are
mainly due to the ring-shaped magnetization patterns formed near the
NT borders; and (c) modes at high frequencies (modes 4, 5 and 6),
whose perturbations are mainly localized at the center of the magnetic
structures. We can differentiate the high-frequency SWRM by observing
the number of antinodes that their resonant profiles present on the
surface. In this context, the obtained profile along a central line of
the nanostructure evidence that mode 4 has three antinodes, while
3

mode 5 has a single antinode at the NT center. Therefore, mode 5
is the fundamental mode of the NT because its characteristic peak
presents the highest amplitude [54]. Finally, mode 6 has two antinodes
whose amplitude is smaller than that of mode 5 (see supplementary
material Fig. 6). It is worth notice that the obtained results for almost
straight NTs 𝜑0 = 𝜋∕16 agree with those ones obtained for straight
nanowires [34].

If we look carefully, we will see that there are resonance modes
that appear/disappear under certain parameters. To understand this
phenomenon, we must keep in mind that the origin of the resonance
mode, its frequency and amplitude are due to the interaction between
the excitation field, corresponding to a Sinc pulse applied along the 𝑦-
axis, with the magnetic moments present in the equilibrium state of
the investigated systems. This means that maximum excitation occurs
when the excitation field is perpendicular to the direction of the
magnetic moments. For example, low-frequency modes 1 and 2, whose
perturbations are mainly due to magnetic moments located at the edges
of the nanotube, disappear when we have the case 𝜙 = 2𝜋 because the
nanostructure no longer has the edges associated with these modes.
Another special situation occurs with the disappearance of mode 3
when 𝜙 = 𝜋. We must remember that this mode arises mainly from
the ring-shaped magnetization patterns that form near the edges of the
nanotube. As the magnetic moments in this position are parallel or
antiparallel to the direction of the excitation field, their interaction is
very weak, which causes the disappearance of this mode.

The analysis of Fig. 4 also reveals that the resonant modes are
affected by the NT curvature. Indeed, two remarkable effects on the
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Fig. 4. Spatial profiles of the resonant modes shown in Fig. 3. The color scale of each panel corresponds to the amplitude of the magnetic moment fluctuations, with red depicting
the largest amplitude and blue denoting zero amplitude. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
SWRM are the reduction of the amplitude of the dynamic susceptibility
and the decrease in the area covered by the central mode peaks
(modes 4, 5, and 6) as the curvature increases. These phenomena
can be explained from the appearance of effective exchange-driven
curvature-induced effective DMI and anisotropy [9]. Despite the model
developed by Gaididei et al. [9] describes curved magnetic shells, it
is a good approach to understand the curvature-induced effects we
observed in the considered NTs. In this context, from parameterizing
the normalized magnetization with a curvilinear basis (𝐫𝑖, 𝜽, 𝝋) as 𝐦 =
𝐌∕𝑀𝑠 = 𝜽 sin𝛩 cos𝛷 + 𝝋 sin𝛩 sin𝛷 + 𝐫𝑖 cos𝛩, and considering that
the magnetization deviation from the in-surface state is represented by
𝛩 = 𝜋∕2 + 𝜁 , the curvature-induced DMI energy density associated to
these deviations is given by 𝜉𝐷 = −2𝐴(∇𝛩 ⋅ 𝜞 + ∇𝛷 ⋅𝜴), where 𝜞 is a
vector depending on the surface’s Gaussian and mean curvatures, and
𝜴 is the modified spin-connection. The expressions for 𝜞 and 𝜴 for
the geometry considered in this work have been previously obtained
in Ref. [39]. The effective DMI accounts for determining the energetic
cost to deviate the magnetic moments from a state given by constants
𝛷 and 𝛩. If we assume the deviations from the in-surface state are very
small (𝜁 ≪ 1), the exchange-driven curvature-induced DM energy is
evaluated as

𝜉D ≈ 2𝐴
𝜕𝜁
𝜕𝜑

sin 𝜃
L 2

, (2)

where L = 𝑅 + 𝑟𝑒 sin 𝜃, and terms of the order of 𝜁2 have been
neglected. Therefore, from Eq. (2) one can notice that the curvature-
induced effective DMI depends on both the variation of 𝜁 as a function
of 𝜑, and the NT curvature. Because this effective interaction penalizes
the magnetic deviations from the in-surface direction originated from
the spin wave excitations, the increase in the curvature (decrease in
𝑅) yields a decrease in the SWRM amplitudes. Additionally, the region
where the magnetic moments point almost parallel to the surface
increases. These results are in agreement with those obtained for the
DS of toroidal nanorings with an onion-like ground state [31]. In this
case one observes a decrease in the amplitude of the imaginary part
of susceptibility as 𝑅 increases. It is also worth notice that curvature-
induced DMI effective interaction vanish for a straight NT (𝑅 → ∞).
4

Moreover, due to the absence of borders in a closed NT (𝜑 = 2𝜋), modes
1, 2, and 3 are not observed.

To complete our analysis, in Fig. 5 we summarize the behavior of
the main characteristic resonance frequency observed in Figs. 3 and
4 as a function of thickness and curvature. In Fig. 5a, we present the
frequency of the SWM as a function of 𝛽 for different values of the
opening angle 𝜑0. In all observed cases, the SW frequency decreases
non-monotonically with the thickness of the NT. This decrease in the
frequency as a function of the thickness for hollow nanomagnets is
also observed in ferromagnetic nanospheres [26]. This behavior can be
explained by the increase in the relation 𝜖 = 𝐸𝑚∕𝐸𝑥 between magne-
tostatic 𝐸𝑚 and exchange 𝐸𝑥 contributions to the total energy [30].
Fig. 5b depicts the SW frequency as a function of 𝜑0 for different
values of 𝛽. It can be observed that the frequency of the SWRM for
mode 5 decreases quasi-linearly with the NT curvature. The decrease
is more pronounced for thinner NTs due to their higher value of 𝜖[30]
and the consequent emergence of exchange-driven curvature-induced
interactions in curved shells [9]. Comparing Figs. 5a and 5b we can
conclude that a small curvature defined by 𝜙 = 𝜋∕16 generates a
magnetic texture very similar to that of a straight wire.

Conclusions

Using micromagnetic simulations our study has shown that it is pos-
sible to tailor several features of spin-wave resonant modes in curved
nanowires and nanotubes when a magnetic excitation is applied along
the 𝑦-direction. Our results evidenced that it is possible to activate
at least 5 characteristic resonant modes that correspond to magnetic
moments in different regions of the nanostructure. In addition, it is
possible to control the position of the main resonant mode of higher
amplitude (mode 5, located at high frequencies) by varying the param-
eter 𝛽 or the curvature of the system 𝜑0. The most interesting cases
are observed when we fix the curvature (𝜃) and increase 𝛽. Therefore,
by varying the geometry of the NW or NT we can tailor new resonant
modes that can be useful for many applications that rely on spin-wave
resonant modes.
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Fig. 5. Variation of evolution at resonance frequency with (a) ratio 𝛽 at different
values of 𝜑0 and (b) curvature dependent to poloidal angle 𝜑0 (toroidal parameter) for
different values of 𝛽.
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