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Abstract: Several studies focusing on the anomalies of one specific parameter (such as magnetic,
ionospheric, radon release, temperature, geodetic, etc.) before impending earthquakes are con-
stantly challenged because their results can be regarded as noise, false positives or are not related
to earthquakes at all. This rise concerns the viability of studying isolated physical phenomena
before earthquakes. Nevertheless, it has recently been shown that all of the complexity of these
pre-earthquake anomalies rises because they could share the same origin. Particularly, the evolution
and concentration of uniaxial stresses within rock samples have shown the generation of fractal crack
clustering before the macroscopic failure. As there are studies which considered that the magnetic
anomalies are created by lithospheric cracks in the seismo-electromagnetic theory, it is expected that
the crack clustering is a spatial feature of magnetic and non-magnetic anomalies measurements in
ground, atmospheric and ionospheric environments. This could imply that the rise of multiparametric
anomalies at specific locations and times, increases the reliability of impending earthquake detec-
tions. That is why this work develops a general theory of fractal-localization of different anomalies
within the lithosphere in the framework of the seismo-electromagnetic theory. In addition, a general
description of the fractal dimension in terms of scaling entropy change is obtained. This model could
be regarded as the basis of future early warning systems for catastrophic earthquakes.

Keywords: seismic clustering; fractal cracking localization; seismo-electromagnetic theory; lithosphere—
atmosphere—ionosphere coupling; thermodynamic fractal dimension

1. Introduction

The localization of impending earthquakes is a crucial task in order to avoid catas-
trophic results. Up to now, there have been several tools and techniques related to the
preparation zone for earthquakes. For example, geodetic studies, rock experiments, acous-
tic emissions, fluid migration or magnetic anomalies are focused on active crustal-region
close faults [1,2]. That is, the measurements of the progressive change of elastic properties
of the lithosphere as the shear deformation at ground level [3]. Nevertheless, not all the pro-
cesses in the preparation zone correspond to surface measurements. For instance, there are
tomographic studies that show the generation and growth of crack clustering within rock
samples which indicates that the interior of rock is constantly evolving prior to the main
failure [4]. On the other hand, several studies of the Lithosphere-Atmosphere-lonosphere
effect (LAIC effect) consider magnetic measurements within a preparation zone defined
by the Dobrovolsky area [5-8]. Here, the main assumption is the existence of a distance
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dependency of the magnetic anomalies with respect to the future epicenter of impend-
ing earthquakes. In other words, the measured magnetic anomalies, either at ground or
ionospheric levels, should be clustered.

Recently, it has been shown that the crack generation within the lithosphere and the
magnetic anomalies can be linked by the growth of fractal cracks which is the basic idea of
the seismo-electromagnetic theory [9]. That is, each crack inside the lithosphere generates
an electromagnetic pulse that can be measured above the Earth’s surface [10]. Then, it is
expected that the magnetic anomalies behave similarly to the fractal clustering within the
lithosphere. That is, there must exist spatial properties such as the clustering of anomalies
prior to impending earthquakes. That is the reason why Section 2 describes, mathematically,
the basic finding from x-rays tomography. Section 3 shows the properties that should be
measured, either at ground or ionospheric level, by the magnetometer depending on the
distance of the impending epicenter by considering the fractal clustering, and conclusions
are in Section 4.

2. Theoretical Model

Experiments in dry or water-saturated rock samples show the growth of the volume of
cracks in very reduced areas, before the main failure when samples are triaxially loaded [4,11,12],
where the volume of these cracks is fractally distributed [13]. This indicates that the main
failure will occur close to the denser cluster. A schematic representation can be seen in
Figure 1. Note that this scheme was motivated by the experiments performed by [14].
Figure 1a shows the crack generation (magenta points) close to the impending macroscopic
failure (blue patch). Figure 1b shows the same set-up where the load has increased,
which implies that more crack generations are expected. Figure 1c shows the same cracks
(magenta) enclosed in two different reference spheres. The dark blue sphere shows that
there are more cracks created inside it, compared to the outside counterpart. This represents
the spatial clustering of cracks. The same can be seen in Figure 1d for time. Figure le and f
shows how the cracks are spatially distributed. That is, the number of cracks per volume
unit is larger close to the center for both cases (t; and ¢;). In addition, the case from Figure 1f
shows that the number of cracks within the reference sphere (dark blue) at t = ¢, have
increased compared to those found when t = t; (Figure le) because of the differential load
increase. This indicates the spatial-temporal clustering observed in some experiments [14].
Note that the maximum distance is set as constant because the Dobrovolsky area [7], which
determines the preparation area, is constant for each earthquake.

Mathematical Description

The localization of damage and cracks within rock samples, which are the same
as within the lithosphere, raises power laws among the different parameters because it
corresponds to the transition from one unstable state into a more stable one [13-16]. Thus,
the fractal formalism for the curve shown in Figure 1le and f can be written as [17]:

N; —Ds _ _ -D

v~ r7 7 = Ny = Np(V, 1) = g Vr 7, (1)
where N, is the number of cracks at a given time in terms of the radial distance r, V the
volume, D;, the fractal dimension for the spatial clustering which is positive and «; is a
constant. Here, it is important to note that the increase in the load changes the value of Ds.
Then, Dy, is also a function of the stress evolution ¢. This implies that Ds; = Ds.(0) and
N, = N;(V,r,0). This also implies that D, could not be regarded as constant during the
pre-earthquake stage [8,9,15]. As the volume also depends on the distance, the number of
cracks as a function of distance at a given time is:

Ny (r,0) = aor%DSC(”), )
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where oy = a1471/3 . Equation (2) shows that the number of cracks depends on the power
3 — Dsc(0) at a given distance r. This means that the number of cracks increases if Ds,
decreases. As the number of cracks increases due to the stress increase [8,9,14,15], it can
be regarded that Dsc and ¢ are negatively correlated. Specifically, Ds:(c') ~ —log o2 (see
Appendix A for derivation). The lithospheric stress increase defines the Dobrovolsky area
for each expected impending earthquake magnitude [7]. This implies that the volume of
the preparation zone can be considered as constant for each earthquake (Vior ~ L3) and this
constrains the boundaries where the crack generation could occur. Then, the number of
cracks at a given time compared to the total volume can be written as:

N, (r,0) = zxoLSr_D“(”). 3)

b)

c) - d)

Vr

e) f

t, t
Cracks per
Cracks per N
N volume unit —
volume unit v V
Distance r Distancer

Figure 1. Schematic representation of crack clustering based on results from [11-13]. (a) Rock sample’s
reaction to triaxial load for two different times. The magenta points represent cracks generated due
to the load, and the blue patch represents the impending macroscopic fault. (b) The same physical
properties in time t; where the load increases. (c,d) represent the amount of crack generated by
volume unit. The reference volume is shown as a blue sphere which encloses more cracks than the
light blue one does. (e,f) shows the number of cracks per volume area depending on the distance
from the center of the reference’s spheres. It is clear that the number of cracks per volume units
decreases with distance. Note that the spatial localization increases for time ¢, in (f).
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Here, the number of cracks at a given time, per total volume N,/ V},, corresponds to
the density of cracks. Then, Equation (3) describes the clustering as the rise of the crack
density when the specific distance (volume) r that contains the cracks decreases.

On the other hand, it has been found that the cumulative number of daily magnetic
anomalies, N;, at a specific location is proportional to the number of cracks and the stress
change which generates those cracks [8,9]. This behavior is described by the sigmoid
function which is defined as [8,9]:

‘Bo do
N = = 7 4
f 1+ e—Pilt—tc) dt @
where B and 1 are constants, ¢ is the time and f( is the critical time that corresponds to
the time when the main earthquake occurs. Then, the total magnetic anomalies expected,
N, within the preparation zone is:

aofoly do(r,t) _
N(l", t) = NtNr = 1_}_6_7‘31(1»0_15(:)7/ DSC(U) — aoL%%r DSC(U(V,t)) (5)

Here, it is important to note that N, corresponds to the spatial distribution of cracks
up to a given time, N, to the temporal evolution of cracks number, while N takes into
account the complete description of the spatial and temporal evolution of crack number
generation. In addition, it is also noted that the temporal evolution of crack numbers is
given by . These stresses within the lithosphere could be regarded as heterogeneous. That
is why stress and stress changes could be different at each different location. Figure 2 shows
some examples of how Equation (5) describes the number of total anomalies within the
preparation zone. The domain is r € [0.1, 0.5] a.u., t € [0, 10] a.u. and tc = 5 a.u., where
a.u. means arbitrary units. For simplicity, all the constants from Equation (5) are equal
toone (¢g = Bo = B1 = Lo = 1 a.u.). Figure 2a shows the time dependency of the daily
cumulative anomalies for a specific point close to the boundary of the domain (rg = 0.5 a.u.).
It is possible to observe that the number of maximum anomalies (N ~ 4.5 a.u.) increases
when the point is closer to the center. That is, N ~ 14.5 a.u. for r = 0.3 a.u. (Figure 2b) and
N ~ 160 a.u. for r = 0.1 a.u. (Figure 2c). As N also depends on the position, Figure 2d shows
the number of anomalies at each point of the domain, at a specific time ¢ty = 0.09 a.u.. It is
clear that the largest anomalies obtained are close to the center of the domain (N ~ 1 a.u.).
The anomalies also increase when the time is larger. Thatis, N ~ 90 a.u. when tg = 3.99 a.u.
(Figure 2e) and N ~ 750 a.u. when ty = 9.99 a.u. (Figure 2f). Then, as the focalization of
cracks (and anomalies) increases when the time is larger at a point close to the impending
earthquake, the model describes the main properties of fractal clustering.
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Figure 2. Representation of the number of daily cumulative magnetic anomalies evolution regarding
time and position described by Equation (5). (a—c) represent the time evolution of Equation (5). Note
that the maximum number of anomalies increases while the position r is close to the center. The
spatial evolution of the anomalies is shown in (d-f). Here, the maximum number of anomalies
increases within the spatial domain at different times. Then, magnetic anomalies occur close the
center of the preparation zone and increases with time. This implies that Equation (5) effectively
shows the clustering of cracks and anomalies.

3. Expected Atmosphere and Ionosphere Measurements

Despite cracks occurring within the lithosphere, the magnetic anomalies generated by those
cracks can be measured outside the lithosphere, either atmosphere or ionosphere [5,6-10,18-20].
Then, it is expected that they can be measured at atmospheric and ionospheric level by
replicating Equation (5). Figure 3 shows a schematic representation of the proposed model
defined by Equation (5). The cracks, represented by magenta points, are clustered close
to the impending earthquake (blue patch on the fault). The generation of these cracks
releases electromagnetic pulses that can be measured either at ground [8] or ionospheric
level [21,22]. Specifically, Figure 3a—c show the number of magnetic anomalies that any
satellite should measure at those specific positions, with respect to the center of the crack
clustering. The case of Figure 3a shows that the number of anomalies is lower compared
to those obtained at the position shown in Figure 3b because the latter are closer to the
clustering center. After the satellite passes the center of the crack clustering, the number
of anomalies should decrease up to values similar to those found in the position shown
in Figure 3a. This can be seen in the schematic plots shown in Figure 3a—c. Similarly, the
magnetic anomalies should also be measured at ground level at each static station (green
inverse triangles in Figure 3d—f). The number of daily anomalies should also depend on
their proximity to the clustering center. That is why stations from Figure 3e should measure
the larger number of anomalies. Note that the shape of N is always the same and the
maximum N corresponds to the main difference between different stations, regardless of
whether they are located at ground or ionospheric level.
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Figure 3. Schematic representation of the generation of magnetic anomalies. It is possible to observe
that the cracks (magenta points) are clustered close to the faults (light blue patch) when non-constant
stress is applied (yellow arrows). This cracking generates electromagnetic signals (blue curved lines)
that can be measured at ground level (green triangles) and at ionospheric level (satellites). Note that
all this process occurs only within the preparation zone delimited by the purple-segmented circle.
As the cracks are clustered, the closest station and satellites will record more anomalies (b and e)
compared to those that are closer to the process zone’s boundary (a, ¢, d and f).

The localization occurs as follows: let us consider two stations at a given time. Then,
the number of anomalies is described as Ny ~ r{’ Dse and Ny ~ 1y Dse for station 1 and 2,
respectively. If N, > Nj implies that r; is closer to the crack clustering and, therefore, to the
impending earthquake location. Then, the localization improves if the comparison process
is done among different stations and at different times.

3.1. Diffusion Effect for Other Pre-Earthquake Signals

Equation (5) is used for any anomaly that is generated by cracks as magnetic or electric
signals within the lithosphere [10]. Nevertheless, Equation (5) does not necessarily describe
the spatial variability of other pre-earthquake signals such as aerosol distribution, Radon
gas generation, chemical reactions or ionospheric electron density content, because all of
them could be affected by the diffusion process. Note that all the physical variables that
can be affected by diffusivity are called diffusive parameters hereinafter. This means that
the spatial distribution of the number of anomalous diffusive parameters could be different
to that described in Equation (5). One way to incorporate the diffusive effect into Equation
(5) is by considering a diffusive factor for each diffusive parameter. That is, let us consider
the total number of anomalies from all the n different pre-earthquake signals Nt as:

Nr=Ni+Ny+...+N, (6)
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It is important to note that all the processes considered in Equation (6) have the
same origin: cracks generated by stress changes. Thus, the number of non-diffusive
anomalies could be considered the closest to real cracks. Nonetheless, the number of
diffusive anomalies could be lower because of the loss of energy. This means that there
must be a factor that takes into account the reduction in the expected diffusive number of
anomalies, depending on the physical nature of the considered phenomenon. For example,
the diffusivity of ionospheric disturbs is not necessarily the same as the diffusivity related to
radon gas emission because the former lies in plasma physics and the latter in the porosity
of solids. Thus, expressing Equation (6) in terms of the non-diffusive process is needed.

Let us start by splitting Equation (6) into diffusivity (Np) and non-diffusivity (Nyp)
parameters as:

Nt = Nnp + Np )

Here, those parameters that are characterized by a non-diffusivity number of anoma-
lies should be described by Equation (5). Then, Equation (7) becomes:

Nt =aN + Nyp (8)

where « is a constant. By applying the above-mentioned factor to non-diffusivity parame-
ters, Equation (8) becomes:

n
Nr =aN+ ) IyN )
k

where the sum considers all the non-diffusive parameters from k to n and I' is a diffusive
factor for each specific physical variable. It is important to note that the factors a and I'y
could depend on the spatial and temporal localization, as well as the height /1, where the
measurement is being performed. For example, let us consider the anomalous number of
magnetic, Radon gas and electron density content at different heights. For ground level,
there is no electron density content which implies that the total pre-signal anomalies must
be given by Nt &~ Nyagnetic + NRadon- Let us consider now that there are no radon gas
releases at ionospheric levels. This implies that the total number of anomalies must be
obtained by Nt &~ Nyagnetic + Neiectron- If only magnetic anomalies are considered at ground
level, then N1 & Njyugnetic, and if the magnetic anomalies are considered at ionospheric
level, then Nt ~ /\Nmugmtic, where A < 1. This is because magnetic signals decrease with
the distance. Then, fewer anomalies should be detected if the same magnetometer is used.
Then, the total number of combined pre-earthquake anomalies should be governed by:

Nr(r,t,h) = (oc + iﬁ) N(r,t) =¢(r,t,h)N(r,t), (10)
k

where ¢(r,t, ) is the total factor that describes the different contributions of each physical
phenomenon to the total number of anomalies.

3.2. Example of ¢ by Considering Geometrical Attenuation of Magnetic Clustering

Let us consider the magnetic anomalies AB, measured at ground level and at iono-
spheric level at a specific time. The number of anomalies is determined by Equation (3),
for both cases. Nonetheless, the magnetic amplitude decreases as 1/d? [9], where d is
the distance between the station and the anomaly origin. As the anomalies are defined
above a certain threshold (>ABy,,) [8], the lithospheric magnetic anomalies measured at
ionospheric level could be undetectable due to the ionospheric magnetic noise. As the
anomalies rise because of the fractal cracks, their amplitude is also fractal [9,23,24]. This
implies that the total number of magnetic anomalies in terms of the magnetic threshold is:

AB N
_ ~Dse(0) 3p — 0 (1-Dsc(0)) _ An(1=Dsc(0))
Nrg = No [ , BOan =t (a8 aBy P an
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where Nj is the original number of anomalies generated within the lithosphere. Note that
the magnetic threshold also depends on the distance 4. In terms of altitude, the magnetic
threshold is ABy,, (d) = AByj, (hcos ¢ ), where h is the altitude and ¢ the angle between the
position of measurement and the zenith.

In normal conditions, at each level, it is possible to measure a certain number of
anomalies. For example, Ny, and N;; for the real measured anomalies at ground and
ionospheric levels, respectively. Nevertheless, at ground level, there are missing anomalies
between the real minimum anomalies By and the magnetic threshold. That is, the real
number of magnetic anomalies at ground level Nrp 1S

N _D, _
Nrg, = Ny, + % [ABy,, () — p{l=Pel)] (12)
Similarly, the number of anomalies at ionospheric level should include the missing
anomalies from By up to ABy,,. Then, the real number of anomalies at ionospheric level
NTB,v is:
No
1 — Dgsc(0) {

By considering the total number of anomalies:

Nrp; = Ny, + (L=Dec(7)) _ B“*D“("))] (13)

thr,- 0

Nr(r,t,h) = No + Nrg + NTBi = {Np (14)
It is possible to determine that the factor ¢ is:

¢r,h =1+ Nrg+Nri (15)
+11 — DscocABthrgl — Dsco + ABthril — Dsco — 2B01 — Dsco

where the terms Ny, and N, contains the radial component r and the terms within the
brackets the altitude information / in the magnetic thresholds.

4. Discussion

Several magnetic anomalies have been studied within the preparation area [5,8,18].
Most of these studies are restricted to a specific area, which are defined after the occurrence
of large earthquakes. In addition, these anomaly studies could be considered useless in
order to use pre-earthquake signals as forecast tools because the preparation area could span
over hundreds, or even thousands, of kilometers [7]. The lack of spatial resolution of the
data does not help to identify where an earthquake could strike. In addition, anomalies of
specific physical phenomena could be regarded as false positives or non-earthquake related.
For example, some ionospheric and magnetic studies are constantly challenged because
some results that are attributed to lithospheric origin come from space disturbances are
unrelated to earthquakes e.g., [25]. Nonetheless, if anomalies of several physical phenomena
rise in similar times and at the same place, and exhibit similar localization, it means that
they are connected by similar lithospheric origins, according to the seismo-electromagnetic
theory. That is why multiparametric anomaly studies, described by Equations (6)—(9), and
particularly, by the function ¢, are needed.

Despite this lack of multiparametric studies, there are a few promising works that
show the spatial distribution of simultaneously ionospheric and atmospheric anomalies
being located, mainly close to the Sunda Plate boundaries before the occurrence of the
2018 Mw = 7.5 Indonesia earthquake supplementary video in [26]. This link between the
ionospheric and atmospheric measurements validates the atmospheric and ionospheric
coupling of the LAIC effect. Nevertheless, the lithospheric origin of these signals is still
not clear. To date, one of the most interesting explanations comes from the chemical acti-
vation of different crustal Peroxy as a result of stress changes in the upper section of the
lithosphere [27]. Another explanation of the physical mechanism is described by the seismo-
electromagnetic theory, in which the electromagnetic signals come from the self-similar
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crack of the lithosphere [9,10,15,28,29]. Both interpretations are supported by the fact that
the Earth’s crust is stressed differently at different zones. For example, there are zones close
to the convergent margin where the crust accelerates more than other zones, which implies
stress accumulation and deformation before earthquakes [30]. Nevertheless, this stress ac-
cumulation is the physical process that generates fractally distributed cracks, which are also
characterized by spatial localization [9,14,24,31,32], and are shown by the spatial-temporal
ionospheric and atmospheric measurements [26]. In other words, the spatial-temporal
properties of ionospheric and atmospheric measurements are well described by the spatial
gradient of the distribution of cracks within the lithosphere (Equation (5)). This means
that Equation (5) is consistent with theoretical works of fractals [9,19], experimental works
on rock samples [10,14], geodetic field studies [30] and the atmospheric-ionospheric mea-
surements close tectonic plate boundaries [26]. By adding that the lithospheric fractal
cracking can also describe the wide range of electromagnetic frequencies related to im-
pending earthquakes [9], the order of magnitude of magnetic anomalies that can disturb
the ionosphere [9,33,34] and the description of earthquake magnitude by using co-seismic
magnetic signals [9], it is possible to conclude that the lithospheric contribution to the LAIC
effect is dominated by the spatial-temporal generation and distribution of cracks within the
stressed lithosphere. That is, the atmospheric and ionospheric measurements correspond
to a manifestation of the electromagnetic signals generated from the lithospheric cracking.
This implies that a chemical reaction that could describe other and rarer effects, such as
Radon gas generation or thermal changes [35-40], could be considered as a secondary
or complementary effect of stressed rocks because it is not able to describe most of the
abovementioned main features by itself. In addition, it is important to note that up to now,
the LAIC effect is mainly focused on describing the coupling of different measurements
by several chain processes but still lacks the link with standard seismology and their key
properties or concepts. For example, there is no mention of the seismic moment My in
works related to precursor studies of the LAIC effect [33,35], while few studies correlate
electric measurements to seismicity or laboratory experiments [41-44]. In contrast, the
seismo-electromagnetic theory can link the standard seismological concept as the seismic
moment, the stress drop and the change of the b-value before and after the main earthquake
or even the spatial-temporal changes of the friction and seismic coupling on faults [9,44,45].
Regarding the fractal dimension in terms of thermodynamic forces (Appendix A),
it can be highlighted that the increases in stress generate the reduction in the fractal
dimension of the system for a constant or small thermodynamic flux J#. This result is
in agreement with the measurements. For instance, there is evidence that shows how
the multifractal analysis is linked to seismicity. Particularly, [46] shows that the fractal
dimension and seismicity are negatively correlated. That is, a lower fractal dimension
increases the seismicity. Here, we have shown that this relation can be described physically
by Equations (A5)—(A9). In terms of the surface of rocks, the lower the fractal dimension,
the smoother the surface [47]. This indicates that the fault’s smoothness could occur due to
the rise of stresses. Thus, the increases in stresses imply an increase in seismicity because
it could be linked to the reduction in geometrical irregularities that lock faults. Note that
stress increases generate slips that smooth the fault’s surface even further e.g., [48]. In
mechanical terms, the energy per unit of area required to generate the seismic rupture
(Fracture energy G¢) linearly depends on the geometrical irregularities, A¢c, by a parameter
known as slip weakening distance, D¢ [49]. This implies that the smoothness of faults
reduces the resistance of faults to slip. Thus, the decrease in the thermodynamic fractal
dimension shown in Equations (A5)—(A9) explains the physics of earthquake nucleation.
In more general terms, Equations (A6)—(A8) reveals that the thermodynamic fractal
dimension depends on the ratio of the scaled and non-scaled entropy change. If the scaled
(non-scaled) entropy changes represent the largest (smallest) parts of the system, it means
that the decrease (increase) in D;. is dominated by the large (small) scale of the system. For
example, Equations (A7) and (A8) indicates that fractal surfaces, such as faults, are rough
(smooth) if the entropy increase is mainly driven by the small (large) scale of the system.
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On the other hand, as the measurements indicate [24,26,50], the Atmospheric-lonospheric
measurements resemble the main spatial-temporal feature of the clustering which is a
key feature of fractally distributed cracks. That is why Section 3.2 shows how the total
anomalies generated by the clustering of fractal pre-seismic magnetic signals at ground and
ionospheric level could be described by using the function &. Then, future works should be
focused in order to improve the model of clustering localization by considering the correc-
tion shown in Equation (10) (Equation (15) proposed for solely magnetic measurement).
That is, include other complex properties such as the geometry of the tectonic boundaries,
more studies regarding the distribution of spatial anomalies and what is the contribution of
each physical pre-earthquake variable to the total number of spatial-temporal anomalies.

5. Conclusions

It could be considered that the multiparametric studies regarding pre-earthquakes
signals should be focused on common features such as fractal localization. That is why the
main conclusions are:

Diffusive phenomena could not be a reliable precursor tool by itself.
The common fractal origin of the complex multiparametric anomalies prior to impend-
ing earthquakes must follow similar temporal and spatial properties.

e  Each effort regarding earthquake prediction must be done by considering several
physical phenomena.

e  The Lithosphere-Atmosphere-Ionosphere coupling (LAIC effect) could be regarded as the
results of the localization of the anomalies described in the seismo-electromagnetic theory.

e  No explanation of the LAIC effect could be done with no consideration of the common
origin within the lithospheric dynamics.

e  The identification of the factor {(r,t, h) for each diffusive and non-diffusive phenom-
ena could allow the development of further early warning systems.

e  The rise of anomalies could be related to changes in frictional and seismic coupling
parameters on faults.

Regarding the thermodynamic fractal dimension, it can be concluded that:

e It can be defined by a thermodynamic fractal dimension in terms of forces, fluxes
and entropy.

e  The thermodynamic fractal dimension might be reduced (increased) when large (small)
scale forces are applied to the system.

e  The thermodynamic fractal dimension is a physical parameter that describes the
trade-off of the entropy increase between the smallest and largest scales of any self-
affine system.

e In fractal surfaces, the smoothness (roughness), due to the entropy increase, is domi-
nated by the large (small) scale.

e  The decreases in the thermodynamic fractal dimension could be linked to the local-
ization of anomalous pre-seismic signals and seismicity itself that are generated by
large-scale stress increase.
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Appendix A

From reference [15], the temporal change of entropy dS#/dt is related to the kth
thermodynamic flux ],f by the resistance coefficient Klfl as:

st A
W = ;;lH Kkl]k ]1 (Al)

where the resistance can be written in terms of the characteristic length r# as:

14
w1 I
Ky = <r0) Ky (A2)

where g is a constant. Equation (A2) into Equation (A1) leads to the equation:
« M m
o= () Lo (*3)
This equation can be written as:
dst
e [Z% 7 KT }
log [;—H

Nevertheless, this power is related to the Euclidean dimension D and the fractal
dimension by the relation « = D — D, — 1 [15]. This implies that Equation (A4) becomes:

N =

(A4)

o M i
& o o, K
m
log {:—0}

Equivalently, Equation (A5) can be written in terms of thermodynamic forces as:

Dsc=(Dg—1)—

(A5)

j=1 "
M m T
Z;kzl ):I:l Kkl ]k ]I

log{%}

v vl Lhxkxy }

DSC:(DE—l)—l {

(A6)
where LZ corresponds to the conductance coefficient. Equivalent, in terms of entropy change:

u
Dy = (D — 1) — kylog [Z;] (A7)
0

where dS*# is the differential form of Equation (A1), dsg is the non-scaled entropy change
define by means of Equation (A2) and ky corresponds to the factor that represents the

volumetric scale and is defined as ky = 1/ log[%}. Note that r* represent the length

of the largest scale in the system. This means that ky is constant for self-affine systems.
Additionally, even a simplest form of the fractal dimension can be written as:

Dsc = —kV log[QV} (A8)

(1-Dg)

1-D
where Qy = (dSV /ng)e ky
is always positive because the exponential term is always positive as well as the second law
of thermodynamics states that dS > 0. Equation (A8) is valid when both the original and

the scaled system have non-zero entropy change. This implies that the fractal dimension

and log is the natural logarithm function. Note that Q)y,
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rises when systems are non-reversible and dissipative. Equations (A5) and (A6) means
that the fractal dimension can be written terms of thermodynamics quantities as entropy
change, forces, fluxes resistivity, conductance and characteristic length. That is why this
fractal dimension can be named as ‘thermodynamic fractal dimension’.

Particularly, the forces are the stress function X" ~ ¢ in this system. This implies that
the fractal dimension can be written explicitly in terms of ¢ as:

= Dy(0) ~ —logo? (A9)

Equation (A9) means that the increase in stress reduces the fractal dimension.
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